Introduction to the Standard Model
William and Mary PHYS 771 Spring 2014

Instructor: André Walker-Loud, walkloud@wm.edu
(Dated: May 13, 2014 21:07)

Class information, including syllabus and homework assignments can be found at
http://ntc0.1bl.gov/~walkloud/wm/courses/PHYS_771/

Homework Assignment 1

1. [5 pts.] We are primarily using the “mostly minus” metric, g,,, = diag(1, -1, -1, —1).
With this metric, the field strength tensor for a classical electromagnetic field is

0 B B B
|-B 0 -B B
Fw=1_g, By 0 -B (1)

-3 —By, By 0

which can be compactly expressed as Fo; = F; and Fij = —€;51,By.

Solutions: It makes sense to solve (b) first, then (a). To begin, we note, in the mostly
plus metric,

. 9 \7
J7 T = [ —
A (¢7A) ) au (at7v) )

From here, we can determine:

(b) Express the space-time Fy; and space-space Fj; components in terms of E; and
B;.
[3 pts.]Solution:

FOi:aOAi_aiAO
0
— AV (—
at T v’b( qb)
- _E

And the space-space components are

Ej - V’LAj - V]Al
= €k By

(a) Beginning with F,, = 0,4, — 0,A,,, derive the form of F,, if we work with the
“mostly plus” metric, g, = diag(—1,1,1,1).



[2 pts.]Solution: From (b), we can immediately read off

0 —FE1 —FEy —Fj5
. E1 0 B3 _B2
Fou = E, —Bs 0 B (2)

Es By =By 0

2. [10 pts.] We discussed using the covariant derivative to construct the field strength
tensors for gauge theories, igF), = [D,,D,]. Suppose we have a fermion that is a
doublet that transforms as

a

P(x) = (¢1 (m)) p(z) = @Y (z), with t* = %, 0, = Pauli matrices  (3)

Vo()
such that the covariant derivative is
D, =0, +igA,(x) Au(x) = t" Al (z) (4)

(a) Derive the field strength tensor. You may find it useful to determine the compo-
nents igF, = [D,, D,]* instead of F),, = F},t".
[5 pts.] Solution:
[D,,D,] = [0, +igA,, 0, +igA,]
=1i9(0, Ay — 0, A, +1ig[A,, A))
The commutator of A-fields is
(A, A = ASAD [t ")
= AZAgieabctc
and so the field strength tensor is
F.=0,A,—0A, — ge“bctCAZAfj :
We can project onto the a-th component using tr[tt’] = §%/2, and after re-
labeling dummy indices, we can write
L, =20t F, | = 0,A7 — 0,A5, — ge“bCAZAf, )
(b) In terms of the A® fields, what is the form of the Lagrangian
1 1.
L= _§tr[F3V] = _Z(F/ﬂ/)2 =7 (5)
[5 pts.]Solution:
(Fg, ) = F o
= (0,4, — 0, A} — ge“bcAzAf,)(ﬁf‘Aa”’ — VAV — getde A A
Relabeling the dummy indices, using the symmetry properties of €%¢ and the

equality e®cerde = sbdgee — sbeged  we find

L= —=|(0,A2 — 0,A%) (D" A — 9" A“) — 4ge™ Ab A A

1
4

+ P (LA AL AP AT 4B AP AD)



3. [6 pts.] For a classic electromagnetic field, Eq. (1),

(a) What is F,, F" =7
[2 pts.] Solution:

F,

NVFHV _ FOiFOi + EOFiO + EjFij
= —ZEZQ — Ez‘jkBk(—Eilel)
=2(B* - E?)
(b) What is e#*F,,, F,, = 7 (with the convention €"?* = +1)
[3 pts.] Solution: With this convention, we can replace €?% = ¢F 0k — _¢ij
etc. We then have
P Foy = €78 (FoiFyy, — FioFyi + FijFor, — FijFro)
e ZEijk(FOiij —|— EjFOk)
= 4€iij07;ij
= 4B, (—e* By,)
=-8E-B

k

4. [5 pts.] For U()\) = e*@aXe where X, are the generators of a Lie Algebra,
(a) show U()\l)U()\Q) = U()\l + )\2)

Solution: The crucial step is to realize [, X,, apXp] = 0 which is easy to show

[aaXaa OébXb} = aaab[Xaa Xb]
1 1
= (50wt + jlamar]) (X X3

1

- —{Oéa, Ofb}[Xa, Xb]
2

=0

which all follows from symmetry/anti-symmetry. The vanishing commutation
relation implies

ei/\laaXa iAo X — ei(}\1+)\2)aaXa

and hence U(A)U(N2) = U(A1 + Aa).

e

5. [5 pts.] For SU(2), what is the matrix form of the generators

Solution: For any representation, we know the “ladder” operators span the space

= lim 1), G =Vi(G+1) —m(m=1)

Jiljm) =
and that
[J+,J,] :2J3, Jizjlﬂ:’ijg.

These ladder operators can be easily constructed in a given representation by beginning
with the lowest /maximum state, and raising/lowering it. The above relations can then
be used to construct the generators.



(a) for the j = 1 representation?
[3 pts.] Solution:

V2 0 0
0 V2], J = (V2
0 0 0

J+:

o O O

from which we get

10 0 L (010 . (0-1 0
J=l000]|, J=—[(101], H=—1[1 0-1
00 —1 2\010 v2\o 1 o
(b) for the j = 3/2 representation?
[2 pts.] Solution:
0v30 0 0000
;0020 7 - V30 0 0
TT10 0 043 N R R
000 0 0 0v30
from which we get
300 0 0 V3 0 0 0 —vV3 0
sotforo o o _1fVv3o0 2 0| o _ifvV3 0 -2
792100 -1 0| T 0 2 0 V3] " 210 2 0
00 0 -3 0 0 V3 0 0 0 V3

6. [10 pts.] Dirac algebra. In any representation, the Dirac matrices satisfy the algebra
(in 4 dimensions)

{7", 7"} = 29" X Lyxa. (6)
In class, we defined the Dirac matrices in the “Dirac Basis”, for which

1 0 ; 0 o 0 1 .
0 _ 2X2 i ) 5 — 2X2 5 0.1.2 3
’YD - ( O _12><2> ) ,YD - (_O.z O) ) ’YD (12><2 O ) Y=Y
(7)

Another useful and very common basis is the “chiral basis” (or Weyl basis) in which

0 _ 0 1o i 0 o 5 -1 O
,YX - (12><2 0 ’ ,YX - _O,i 0 ’ ’YX - 0 12><2 ) (8)

(a) Determine the similarity transformation which converts from the Dirac to chiral
basis

Yy =SS~ S=7 (9)

[4 pts.]Solution: This is simply a matter of diagonalizing 73 and using the
eigenvectors to construct the rotation matrix. The only trick is to make sure we
preserve the sign convention of the vj, = 7, matrices. One finds

=5 0)



(b) What is the similarity transformation that transforms from the chiral to Dirac
basis?
[2 pts.]Solution: This is simply given by S™', as 73 = S~1572S71S:

1 11
-1 _ T _ ~
=5 =5 ()

(c¢) In both the Dirac and chiral basis, in terms of the spinor components, what are

B 1440

=7 (10)

(o

[2 pts.]Solution: If we write ¥ = (11, 19,3,14) then we have

(0 0
Dirac : Uy = %2 Vo = £3
0 Yy
Y1+ Y3 Y1 — 3
. Lty _ L by =y
Chiral Ve = 2 | 1+ s ¥-= 2| =1+ s
o + 1y — g + Yy
(d) In both the Dirac and chiral basis, in terms of the spinor components, what are
1445
YR = 27 Yp="71
1 — 5
by = =7 (1)
[2 pts.]Solution:
Y1 + 3 1 — s
e I L =y
Dirac: Ve = 2 | 1+ s Yr= 2| =¥+ s
Vo + 1y —t2 + 1y
0 (0
: 0
Chiral : YR = b Y, = %2
(O 0

7. [35 pts.] In class, we discussed the g-factor for the electron and the nucleons. We saw
in general, the elastic electromagnetic structure of a fermion, with parity conserving
interactions, can be expressed as

1 D) = 1) [V RP) + D ER) | ue), a=p-p (2)




p—k

FIG. 1: The Feynman diagram used to compute g — 2 of a point fermion.

where u(p) is an on-shell fermion spinor which satisfies pu(p) = mu(p) and " =
507",7%]. This is the “elastic” structure, because @(p’) also represents an on-shell
fermion satisfying u(p)p = u(p)m.

In the case of the electron (point-like fermion) we saw the Dirac equation gives g =
2 + afTs We noted that for the nucleons, g, ~ 5.58 and g, = —3.83 so that the
nucleons are not perturbatively close to point-like fermions, one indication they have
interesting internal structure. We commented in class that g = 2[F3(0) + F5(0)] and

so for the electron, F5(0) = <&

Perform this classic QED calculation, using tools you have been learning in QFT, see
Fig. 1. This calculation is so classic, you can easily find the solution in the literature.
I strongly encourage you to attempt it on your own, before resorting external sources,
peers, books, etc.. The key to successfully performing this calculation is to realize
you isolate the contribution which is proportional to u(p')o"q,u(p). It turns out,
this contribution to the diagram in Fig. 1 is free of both Ultraviolet (UV) (¢% — o0o)
and Infrared (IR) (¢% — 0) singularities (where ¢g is the Euclidean four-momentum
obtained after Wick rotation of the momentum integral). To this end, recall the
Gordon Identity which can be used to relate u(p’)(p" + p)*u(p) to a(p’)o" ¢ u(p).

(a) Compute g — 2 for the electron
[20 pts.]Solution: See attached hand notes.

(b) Using just the requirements we have of our QFT, QED (renormalizable, gauge-
invariant, Lorentz invariatn QFT in 4 space-time dimensions) why should you
know ahead of time that the contribution to g — 2 is free of both UV and IR
singularities?

[5 pts.] Solution: UV See attached hand notes.

[10 pts.] Solution: IR See attached hand notes.
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